We study superradiance effect in the ghost-free theory. We consider a scattering of a ghost-free scalar massless field on a rotating cylinder. We assume that cylinder is thin and empty inside, so that its interaction with the field is described by a delta-like potential. This potential besides the real factor, describing its height, contains also imaginary part, responsible for the absorption of the field. By calculating the scattering amplitude we obtained the amplification coefficient both in the local and non-local (ghost-free) models and demonstrated that in the both cases it is greater than 1 when the standard superradiance condition is satisfied. We also demonstrated that dependence of the amplification coefficient on the frequency of the scalar field wave may be essentially modified in the non-local case.
I. INTRODUCTION
In this paper we discuss the superradiance effect in a ghost-free theoriy. In general, the superradiance is a phenomenon where radiation is enhanced. This effect is known in different areas of physics, such as quantum optics, electromagnetism, fluid dynamics and quantum mechanics. The famous example of the superradiance is an amplification of an electromagnetic wave by a rapidly rotating conducting body [1] [2] [3] . If the angular velocity of the rotating body is Ω, then an infalling wave with the positive frequency ω and an azimuthal angular momentum m is amplified when the superradiance condition is met 0 < ω < mΩ.
(1.1)
Suppose that a rotating body is a cylinder of radius R, then the condition (1.1) implies that the linear velocity RΩ of the surface of the cylinder is faster than the phase velocity of the wave. Zel'dovich realized that in the quantum physics there should exist a similar effect of spontaneous emission from vacuum of quanta satisfying the superradiance condition (1.1). He also suggested that the superradiance may exist in rotating black holes. The effect of amplification of the waves by rotating black holes was studied in [4] [5] [6] , while Unruh [7] demonstrated the existence of the quantum spontaneous superradiance emission by direct calculations. The superradiance effect is quite similar to a wide class of phenomena connected with a so-called anomalous Doppler effect [8] . For example, an electrically neutral body with internal degrees of freedom, moving uniformly through the media may emit electromagnetic waves even if it starts off in its ground state. It happens when the velocity of the body is higher than the speed of light in the media [9] [10] [11] .
Recently, the existence of classical effect of the superradiance was demonstrated by studying the behavior of * vfrolov@ualberta.ca † zelnikov@ualberta.ca sound and surface waves [12, 13] . More recent discussion of the superradiance effect and its interesting astrophysical applications can be found e.g in [14] [15] [16] . See also references therein.
As we already mentioned, our purpose is to study the superradiance effect in the framework of the ghost-free theory. In such a theory the field equations are modified by introducing a non-local form factor. The latter is chosen so that it does not introduce ghosts and the number of degrees of freedom of the modified theory is the same as for a local one. In a flat spacetime the corresponding form-factor is Lorentz invariant and usually it has the form ∼ exp((− 2 ) N ), where N is a positive integer number and is the characteristic scale where non-local modification becomes important. Ghost-free theories of this type are usually called GF N theories [17] . Nice recent reviews of ghost-free theories can be found in [18] [19] [20] . One of interesting applications of ghost-free theories is study of ghost-free modifications of the Einstein gravity [21] [22] [23] [24] . It was demonstrated that such modifications may help to resolve problem of singularities in cosmology and black holes [25] [26] [27] [28] [29] . In the present paper we restrict ourselves by studying of the effect of superradiance for the case of scalar fields. However the obtained results can be easily generalized to the scattering of ghost-free fields with non-zero spins, including linearized ghost-free gravity.
For study of the superradiance in the ghost-free theory we consider a simple model. Namely we consider a scattering of the ghost-free massless scalar field ϕ on a rotating infinitely long thin cylinder of radius R. This interaction is described by δ-like potential, which besides a parameter, characterising its height, contains also some absorption coefficient 1 . We describe this model in Section II. We calculate the amplification coefficient in the local theory by two methods giving the same results: by using jump conditions and by solving Lippmann-Schwinger equation (Sections II and III). In Section IV we demonstrate that a similar problem is exactly solvable in the ghost-free theory of the scalar massless field. In the Sections V-VI we study the properties of the amplification coefficients for the ghost-free case. Section VII contains brief discussion of the obtained results.
II. SUPERRADIANCE IN A LOCAL SCALAR THEORY
Let us remind a derivation of a classical superradiance effect in a local scalar theory. In the presence of an absorbing medium the massless scalar field satisfies the equation (see Appendix A)
We consider a special case when the operator V has the form
Such a potential describes the matter distribution localized on the surface of a cylinder of radius R. Here u µ is the four-velocity vector of an element of an absorbing medium. The term proportional to β characterizes the "height" of a semi-transparent cylindrical barrier. The other term, which is proportional to α, describes an interaction with absorbing medium, which is located on the surface of the rotating cylinder. We chose normalization of the height β of the potential and the absorption coefficient α so that they are dimensionless quantities. The metric in cylindrical coordinates reads
The linear velocity of the surface of the rotating cylinder is
where Ω is its angular velocity. This linear velocity tends to the speed of light in the limit RΩ → 1. Now we expand the scalar field in modes
For a real field ϕ the radial harmonics obey the property
2 Equations of this type naturally appear in consideration of superradiance in stars [1, 30] and many other applications [31, 32] .
and the δ-like complex potential V ωm is
(2.10)
V ωm is the Fourier transform of V . Note that parameters α, β, γ, Λ are dimensionless in the units when the light speed c = 1. The absorption condition on the cylinder corresponds to α > 0. For the waves that propagate to infinity (ρ → ∞) there is a condition ω 2 − k 2 > 0. The solution of (2.8) is of the form
The continuity and the jump conditions lead to the equations for the complex constants C 0,1,2
Here and later, when the argument of the Bessel functions is R, we omit it and denote
m ( R). The solution of these equations reads
In the last equality we used the following property of the Wronskian
Thus we have
At large ρ −1 , ρ > R the asymptotic behavior of the solution is
The outgoing wave corresponds to
Correspondingly one can write for ω > 0 21) and for ω < 0
Here the complex relative amplitudes are
and
The amplification factor Z is defined as
(2.26)
The amplitude | A| 2 can be obtained from |A| 2 by substi-
Hence, for positive frequencies we get
Depending on the sign of the parameter γ this amplification factor can be either positive or negative. One can see that superradiance amplification occurs when Z > 0. It leads to the condition γ > 0, or
This condition means that the angular phase velocity of the mode
obeys the inequality
In this derivation we assumed ω > 0. Because the velocity of the surface of a cylinder can not exceed the speed of light we also have a restriction 0 < RΩ < Therefore for the case β ≥ 0 the denominator in (2.28) never vanishes and, hence, amplification factor does not diverge. For negative frequencies one can derive a similar expression for the amplification factor
(2.34)
The amplification factor of the complex conjugated mode ϕ * ωkm (ρ) can be obtained from (2.34) by substitution m → −m and γ → −γ. As a result it gives exactly the same expression (2.28) as for the ϕ ωkm (ρ) mode. Thus, every component of a real wave, which is the sum (2.35) has the same amplification factor (2.28).
III. LIPPMANN-SCHWINGER METHOD
Now let us recalculate the amplification factor using the Lippmann-Schwinger approach. The solution of (2.8) can be written in terms of the Green function G 0 of the operatorF
where ψ 0 is a solution of the free equation
The Green function G 0 (ρ, ρ ) satisfies an inhomogeneous equationF
and outgoing asymptotic condition G 0 (ρ, ρ )
is the Fourier transform of the retarded Green function.
where
Substitution of (2.10) to (3.1) leads to an algebraic equation
If the complex expression
we obtain a solution
The Green function G 0 (ρ, ρ ) can be expressed in terms of the Bessel functions
10) where
For ρ ρ the asymptotic reads
Now we choose ψ 0 describing a regular at the center wave of some arbitrary amplitude. It consists of an incoming and outgoing waves of the same amplitude
Then at large ρ the solution with the potential (3.9) consists of an incoming and outgoing waves (3.13)
14)
Using (3.9) in the case of ω > 0 one can derive
In the case of ω < 0 similar calculations give
m .
(3.17)
The complex relative amplitudes A and A are defined as the ratio of amplitudes of the incoming and outgoing waves evaluated at infinity. Therefore one gets
This result exactly reproduces previously calculated values (2.23)-(2.24).
IV. SUPERRADIANCE IN THE GHOST-FREE SCALAR THEORY
The standard method, as it is described in section II, is not applicable to the case of the non-local ghost-free theory. However, the Lippmann-Schwinger approach works pretty well [35] .
The ghost-free scalar field satisfies the equation
The function a(z) is an analytical function having the form of an exponent of an entire function and is chosen such that a(0) = 1. The following choice of the formfactor a is often used in the literature
We refer for a ghost-free theory of this type as to GF N theory [17] . Expanding in modes (2.5) one gets the equation for the modes
where the operatorF and the potential V ωm are given by (2.9) and (2.10). Let ψ 0 be a solution of the homogeneous equationF
Evidently, it satisfies also the nonlocal equation without a potential
Because of the properties of the ghost-free theories the form-factor a(F ) does not lead to any extra freely propagating modes. Let us also introduce the Green function G GF 0 (ρ, ρ ) as a solution of the equation 6) which is regular at ρ = 0 and obeys the outgoing boundary conditions. The solution for (4.3) can be found using the Lippmann-Schwinger approach when applied to the non-local operator a(F )F . This solution is similar to (3.9). The only difference is that G GF 0 is substituted for G 0
It should be emphasized that, though the solutions ψ 0 of the homogeneous equations in the local and non-local cases coincide, the Green functions G GF 0 and G 0 differ, because they satisfy the inhomogeneous equations with δ-like source.
The Green function G GF 0 can be computed using the momentum representation of the retarded Green function corresponding to the operator a( )
(4.8)
In the non-local ghost-free theory the standard time ordering does not work well in the vicinity of the null cone and the retarded Green function is defined as the solution of (4.8) which satisfies the same asymptotic conditions as the local G R (x, x ) when |x − x | 2 → ∞, that is far away from the null cone. This requirement, in particular, means that
Similarly to the local case the amplitude of the reflected wave can be defined using (4.7) in the asymptotic domain at large ρ. One can see that in this asymptotic the only difference between local and ghost-free cases is the value of G GF 0 (R, R) instead of G 0 (R, R) in the denominator of the second term in (4.7).
Using momentum representation in the Cartesian coordinates X = (t, x) = (t, x, y, z), where x = ρ sin φ and y = ρ cos φ, the retarded Green functions in the local and ghost-free theories are
10) Here
and is an infinitesimal positive constant. Because of analytical properties of the function a(ν 2 ) the retarded Green function, as well as the advanced Green function and the Feynman propagator, can be written in the form
Here ∆G is a universal non-local correction to the local propagators
(4.14)
It is this universal correction ∆G, which is responsible for the violation of local causality in the vicinity of the null cone [18] . The integrand in this expression does not have poles and, hence, the integral is well defined and unambiguous. Note that in order to compute this integral one does not need to analytically continue this expression to the complex plane. Moreover, analytical continuation would be a bad idea, because a −1 (ν 2 ) may diverge in some complex directions and, hence, the contour integration is not well behaved at infinities.
V. SUPERRADIANCE IN THE GF1 SCALAR THEORY
Let us consider the GF 1 scalar theory [17] which corresponds to the choice
(5.1)
Here is the characteristic length scale of non-locality. Typically it is assumed to be larger or of the order of the Planck scale. Substituting (5.1) to (4.14) and using an integral representation
one can write
Performing the Fourier transform in t, z coordinates first we obtain
Using the coordinate transformation x = ρ sin φ, y = ρ cos φ we express it in polar coordinates and compute the angular Fourier component I m ρρ 2s .
(5.7)
One can see that this non-local correction to the propagators is finite, real, and negative for all values of its real arguments.
The asymptotics of the Bessel function are
It means that the asymptotic of the ∆G ωkm , when ρρ 2 , reads
One can write is in an explicit form
For a fixed ρ = R and large ρ R the correction to the Green function is exponentially small. This function is real and negative. If the radius of the rotating cylinder R , then we obtain
In general, g is the function of the parameters m, , R, , but in the limit when R , it does not depend on the angular momentum m.
In the other approximation, when 1 but R arbitrary, the integral (5.7) can be evaluated as follows
Similarly to the local case we have
For ω > 0 we have
If the radius of the cylinder is much larger that the scale of nonlocality R , then the function g can be approximated by (5.13). For small frequencies ω −1 it also leads to a simple asymptotic
Eventually we obtain the asymptotic of ψ out at large ρ
The complex relative amplitude A is defined as the ratio of amplitudes of the incoming and outgoing waves evaluated at infinity. Thus we obtain
For ω < 0, similarly, one gets
At large ρ we have an asymptotic 25) and, therefore,
The complex relative amplitude A is defined as the ratio of amplitudes of the incoming and outgoing waves evaluated at infinity. Thus one gets
It satisfies the usual relation
Taking into account that Λ = β +iγ one can compute the amplification factor Z = |A| 2 − 1 for positive frequencies
Let us fix the parameters , R, and find the value of γ at which the amplification is maximal. It is easy to find that is happens when
(5.31)
Both M and N are positive functions. The maximal value of Z is then given by
The value of β which maximizes Z is
Remarkably it does not depend on the value of γ. In this paper we restrict our consideration with only positive value of the parameter β, which corresponds to a semitransparent potential barrier, rather than well. In the local theory g = 0 and β max is always negative for m > 0, 0 ≤ R ≤ Ω −1 and 0 ≤ R ≤ m. The last restriction on comes from requirement of positivity of γ, what is equivalent to considering only amplified modes. In fact in the local theory the amplification factor monotonically decreases with growth of the strength β of δ-potential. As a result, the maximum amplification occurs when β = 0. On the other hand, in the non-local theory β max may be either negative or positive. In the latter case the maximum of the amplification factor is located not at β = 0 but at β max > 0.
The amplification factor Z diverges when .7) and is assumed not to be vanishing in the derivation of its solution (3.9).
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VI. PROPERTIES OF SUPERRADIANCE AMPLIFICATION
First of all let us consider superradiance in the local theory, i.e., when = 0 and hence g = 0. Let us introduce dimensionless frequency of rotation and mode momentum
and substitute
to the (5.29). The mode is amplified when γ > 0 and, thus, when p is in the interval 0 < p < mP.
When p = mP the factor γ vanishes and, therefore, Z vanishes as well. When the angular velocity of the cylinder reaches its maximum P = 1 and the factor γ diverges. In this limit amplification factor Z vanishes both in local and non-local theories. The strongest amplification is achieved typically, but not always, for the high angular velocities of the cylinder. Now consider dependence of Z on the momentum parameter p. At small p the Bessel function J m (p) ≈ p m 2 −m /m!. Thus for m ≥ 1 amplification also vanishes at p = 0.
Let us discuss now how these results, obtained for the local theory, are modified when we include the nonlocality effects. To simplify the presentation, in what follows we put m = 1 and k = 0.
5 . In Fig. 1 we depicted typical frequency dependence of the amplification factor Z(p). In order to demonstrate how nonlocality affects the 4 In the case of a vanishing of damping factor α = 0 = γ, the condition (5.36) is closely related to the condition of existence of a bound state in the δ-potential and corresponding quasinormal modes [35] . 5 The theory without absorption is invariant under the boosts along z axis. In this case one can put k = 0 without loss of generality. However, in the case of a non-vanishing absorption this symmetry is broken and there appears dependence on k via the combination
superradiance we present plots with a few ratios of the radius R of a rotating cylinder to the non-locality scale . In Fig. 2 one can see that for /R = (0.1, 0.3, 0.4) the effect of nonlocality is quite modest, the superradiance is of the same order of magnitude. But when /R ≈ 0.2, the nonlocality leads to a huge enhancement of superradiance (see Fig. 3 ). For example when /R ≈ 0.2037 the non-local superradiance about 10 5 times stronger than in the local theory. There is a range of parameters, where a resonant non-local amplification of superradiance occurs. Usually it happens in a quite narrow corridor in the parameter space. A example of a non-locally enhanced superradiance for quite low rotations Ω = 0.2R −1 and at moderate frequencies ω ∼ 0.1R −1 is depicted in Fig. 4 .
VII. DISCUSSION
Let us summarize the results. We considered scattering of a ghost-free scalar massless field by a rotating (with the angular velocity Ω) cylinder, and demonstrated that in the presence of absorption of the wave by the cylinder, its amplitude can be amplified. It happens for the same superradiance condition as for the local case 0 < ω < mΩ. However, the dependence of the amplification coefficient on the frequency of the wave, as well as the parameters characterizing the cylinder (its height, β, and its absorption factor, α), might considerably differ from the local case. We demonstrated that for a chosen model of thin and empty inside cylinder the scattering problem in both (local and non-local) cases is exactly solvable. The required solution was found by using the LippmannSchwinger equation. The solution contains cylindrical harmonics of the free retarded Green function of the corresponding problem in the absence of the potential. The modification of the amplification coefficient in the ghostfree case is related with a non-local contribution into the retarded Green function. We demonstrated the dependence of this coefficient on the parameter of the nonlocality . In particular, we found that the superradiance effect can be greatly amplified for special relation between the frequency of the radiation, parameters of the potential and of the non-locality. A similar effect was observed earlier in the scattering of a ghost-free wave on the delta-like potential barrier [35] . We studied superradiance in the simplest case of GF 1 theory. It has an advantage that all computations can be performed analytically and the result can presented in an explicit form. Disadvantage of GF 1 theory is that it suffers instabilities at very high frequencies ω −1 (see [17] ). However, for consideration of superradiance this drawback is not of our concern, because superradiance is important at low frequencies. GF N theories with even N do not suffer with this instability and at the same time one can expect that superradiance qualitatively behaves in a very similar manner.
Zel'dovich [1] used the analogy between a scattering of the waves on a rotating absorbing cylinder and the scat- equation with the delta-function in its right-hand side. Such Green functions are different for the local and nonlocal cases (see e.g. [36] ). In the case of a rotating black hole, the background metric enters the form-factor of the non-locality, so that, at least at first glance, for the description of the wave scattering by the black hole it is sufficient to use only on-shell quantities, which are identical for the local and ghost-free non-local cases. This would imply, that the superradiance is also valid for the ghost-free field, but the effects of the non-locality do not manifest themselves in this case. Anyway, it would be very interesting to perform accurate calculations of the super-radiant scattering of the ghost-free field on a rotating black hole and to check whether the Zel'dovich's analogy is still valid and complete.
